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LEGENDRE EQUATIONS AND FUNCTIONS 

Definition: The differential equation of the form    21 1 0
d dy

x n n y
dx dx

 
    

 
or

   
2

2

2
1 2 1 0

d y dy
x x n n y

dx dx
      ----(1) is called Legendre equation, where n is a 

positive integer. We now solve eqn.(1) in a series of decreasing powers of x. Let the 

series of solution of (1) be
0

m r

r

r

y a x






 ---(2) where 
0 0a  . Differentiating eqn.(2) 

  1

0

m r

r

r

dy
a m r x

dx


 



   and   
2

2

2
0

1 m r

r

r

d y
a m r m r x

dx


 



     then putting the values 

of y, 
dy

dx
and 

2

2

d y

dx
in (1), we get 

        2 2 1

0 0 0

1 1 2 1 0m r m r m r

r r r

r r r

x a m r m r x x a m r x n n a x
  

    

  

            

          2

0 0

1 1 2 1 0 (3)m r m r

r r

r r

a m r m r x a m r m r m r n n x
 

  

 

             

            
2 21 2 1 2where m r m r m r n n m r m r m r n n              

        
2 2m r n m r n m r n m r n m r n             

  1m r n m r n       . 

 Eqn.(3) becomes 

     2

0 0

1 1 0 (4)m r m r

r r

r r

a m r m r x a m r n m r n x
 

  

 

             



Eqn.(4) is an identity. To get the indicial equation, we equate the coefficients of the 

highest power of x (i.e. mx ) to zero, we obtain   0 1 0a m n m n     (put r=0 in 2
nd

 

summation). Since 
0 0a  ,       1 0 . . , 1 5m n m n i e m n m n         . They are 

unequal and differ by an integer. The next lower power of  x is  m-1 (i.e. 1mx  ).  

So we equate to zero, the coefficient of 1mx   in eqn.(4) and obtain (put r =1 in 2
nd

   

summation) 

     1 11 1 1 0 . . 1 0a m n m n i e a m n m n         
 
which gives

    1 0 1 0 5a as m n m n from     . Again to find a relation in successive 

coefficients of 
ra etc, equating the coefficients of 

2m rx  
 (replace r by r+2) 

     21 2 1 0r ra m r m r a m r n m r n            

  

  
 2

1
7

1 2
r r

m r m r
a a

m r n m r n


  
  

     
 

Now since 
1 3 5 70 0a a a a        

For the values given by (5), there arise the following two cases 

Case-I: When m= n 

From (7)  
 

2 0

( 1)
0,

2 2 1

n n
a a for r

n


  


 

    
4 2 0

( 2)( 3) ( 1)( 2)( 3)

4 2 3 2.4 2 1 2 3

n n n n n n
a a a

n n n

    
  

  
  for  r =2 and so on  

Hence the series (2) becomes    1 2

0 1 2 ...n r n n n

r

r o

y a x a x a x a x


  



      

    
 2 4

0

( 1) ( 1)( 2)( 3)
. . ... 8

2. 2 1 2.4 2 1 2 3

n n nn n n n n n
i e y a x x x

n n n

 
    

     
   

 



which is the solution of eqn.(1) [as 
1 3 5 70 0a a a a       ] . 

Case-II: When m= -(n+1) 

We have
  

  
 2

1
7

2 1
r r

m r m r
a a from

m r n m r n


  
 

     
 

 so that 
 

2 0

( 1)( 2)
0,

2 2 3

n n
a a for r

n

 
  


 

 

  

  
4 2 0

1 2 ( 3)( 4)( 3)( 4)

4 2 5 2.4 2 3 2 5

n n n nn n
a a a

n n n

    
  

  
  for r=2 and so on. 

Hence the series (2) in this case becomes 1 3 5

0 1 2 ...n r n n n

r

r o

y a x a x a x a x


      



    

 

  

  
 1 3 5

0

1 2 ( 3)( 4)( 1)( 2)
... 9

2 2 3 2.4 2 3 2 5

n n n
n n n nn n

a x x x
n n n

     
     

     
   

 

This gives another solution of (1) in a series of descending power of x.  

 

LEGENDRE’S FUNCTION OF FIRST KIND  nP x : 

Definition: The Legendre equation is      
2

2

2
1 2 1 0 1

d y dy
x x n n y

dx dx
       

The solution of the above equation in the series of descending powers of x is

    
2 4

0

( 1) ( 1)( 2)( 3)
...

2. 2 1 2.4 2 1 2 3

n n nn n n n n n
y a x x x

n n n

 
    

    
   

 where 
0 0a   is an arbitrary 

constant. Now if n is a positive integer and 
 

0

1.3.5..... 2 1

!

n
a

n


 the above solution is 

called  nP x  , so that  
   

 
2

1.3.5..... 2 1 1
....

! 2. 2 1

n n

n

n n n
P x x x

n n


  

   
 

  



 nP x  is called the Legendre’s function of the first kind. 

Note-1:  This is a terminating series. When n is even, it contains 1
2

n
  terms, the last term 

being  
    

2
( 1)( 2)( 3)...2.1

1 .
2 1 2 3 .... 1 .2.4.6....

n n n n n

n n n n

  


  
. And when n is odd it contains  

1
1

2
n   

terms and the last term in this case is  
 

      

1
1

2
( 1)( 2)( 3)....3.2

1
2 1 2 3 .... 1 .2.4.6.... 1

n n n n n
x

n n n n

   
 

   
  

Note :  nP x  is the solution of Legendre’s equation (1) which is equal to unity when x =1.   

LEGENDRE’S FUNCTION OF THE SECOND KIND  nQ x : 

Definition: Another solution of Legendre equation 

     
2

2

2
1 2 1 0 1

d y dy
x x n n y

dx dx
      , when n is a positive integer, is 

 
1 3

0

( 1)( 2)
...

2 2 3

n nn n
y a x x

n

   
  

   
 

 where 
0 0a  is an arbitrary constant .  

Now if we take 
 

0

!

1.2.3..... 2 1

n
a

n



the above solution is called  nQ x  , so that 

 
   

1 3! ( 1)( 2)
...

1.2.3..... 2 1 2 2 3

n n

n

n n n
Q x x x

n n

   
  

   
  

  

 nQ x  is called the Legendre’s function of the second kind.  

The series for  nQ x is a non-terminating series 

GENERAL SOLUTION OF LEGENDRE’S EQUATION: 



Since a  nP x nd  nQ x  are two independent solutions of Legendre’s equation, the most 

general solution of Legendre’s equation is    n ny AP x BQ x  where A and B are two 

arbitrary constants.  

 

 

 

 

 

 

RODRIGUE’S FORMULA:    21
1

2 . !

n
n

n n n

d
P x x

n dx
    

Proof: Let    2 1 1
n

v x   , then  
1

2 1 .2
ndv

n x x
dx



    

Multiplying both sides by  2 1x  , 

we get    2 21 2 1
ndv

x n x x
dx

        or         2 1 2 2
dv

x nvx
dx

   . 

Now differentiating (2), (n+1) times by Leibnitz’s theorem we have

       
2 1 1

2 1 1 1

1 2 12 1 1
1 2 2 2 1

n n n n n
n n n

n n n n n

d v d v d v d v d v
x C x C n x C

dx dx dx dx dx

  
  

  

 
     

 
 

       2 1 1 1

2 1 1 2 1 1, 1 2 2 2 1
n

n n n

n n n n n nn

d v
If y v then x v C x v C v n xv C v

dx

  

  
          



or    2 1 1 1

2 1 1 2 11 2 2 . 0n n n

n n nx v x C n v C n C v  

 
           

 
 

 1 1 1

1 2 1

1 1
1 1, & . . 1

2 2

n n n
n n n n

Here C n n n C n C n n  
 

            

or         2

2 11 2 1 0 3n n nx v xv n n v        

 Eqn.(3) becomes    
2

2

2
1 2 1 0

d y dy
x x n n y

dx dx
      as

n

n

d v
y

dx
  

or      
2

2

2
1 2 1 0

d y dy
x x n n y

dx dx
    

   
 or         

2
2

2
1 2 1 0

d y dy
x x n n y

dx dx
      

 This shows that
n

n

d v
y

dx
  is a solution of Legendre’s equation.    4

n

nn

d v
C P x

dx
 

where C is a constant. 

But      2 1 1 1
n n n

v x x x      so that 

           
1

11

1 1
1 1 . 1 1 .... 1 1 0

n n n n
n n n n n nn

n n n n

d v d d d
x x C n x x x x

dx dx dx dx





          

when x=1, 2 . !
n

n

n

d v
n

dx
  . All the other terms disappear as (x-1) is a factor in every term 

except first. Therefore  when x=1,       Eqn.(4) gives .2 . ! (1) 1n

nC n P   
1

2 . !n
C

n
 

Substituting the values of v from (1) in (4) we have 

     

1
(1)

2 . !

n

n n n

d v
P

n dx
        or     21

( ) 1
2 . !

n
n

n n n

d
P x x

n dx
   

LEGENDRE POLYNOMIALS: 

We have by Rodrigue’s formula    21
1

2 . !

n
n

n n n

d
P x x

n dx
 

 

If n=0, then  0 0

1
1,

2 .0!
P x  

 



 If n=1, then      2

1 1

1 1
1 2

2 .1! 2

d
P x x x x

dx
   

 

If n=2, then          
2

2
2 2 3 2

2 2 2

1 1 1 1
1 2 1 .2 3 1

2 .2! 8 2 2

d d
P x x x x x x x

dx dx
       

Similarly    3

3

1
5 3 ,

2
P x x x   

   4 2

4

1
35 30 3 ,

8
P x x x    

   5 3

5

1
63 70 15

8
P x x x x    

   6 4 2

6

1
231 315 105 5

16
P x x x x    ------and so on  

Example 1: Express    3 24 6 7 2f x x x x    in terms of  Legendre’s Polynomials 

Solution: Since    3

3

1
5 3 ,

2
P x x x    3

3

5 3
,

2 2
or x P x x 

     3 3

3 3

8 5 8 8 3 8 12
4 1

5 2 5 5 2 5 5
or x P x x or x P x x

   
       

   
 

 Again    2

2

1
3 1

2
P x x         2

2

3 1

2 2
or x P x          2

2

3
4 4 2

2
or x P x

 
  

 
 

   2

26 4 2 2or x P x    

      3 2

3 2

8 12
4 6 7 2 4 2 7 2

5 5
Now f x x x x P x x P x x

 
          

 
t

   3 2

8 47
4 4

5 5
P x P x x   

             1 0 3 2 1 0

8 47
& 1 4 4

5 5
As P x x P x f x P x P x P x P x Ans        



Example 2: Show that       4

4 2 08 20 7 35P x P x P x x    

Solution: We know that  0 0

1
1,

2 .0!
P x      2

2

1
3 1

2
P x x  ,      3

3

1
5 3 ,

2
P x x x   

   4 2

4

1
35 30 3 ,

8
P x x x    

     4 2 08 20 7LHS P x P x P x     

   4 2 2 435 30 3 10 3 1 7 35x x x x RHS        
 

 

Example 3: Express   3 25 2f x x x x    in terms of Legendre’s polynomial . 

Solution:
 

       3 3

3 3

1 2 3
5 3 1

2 5 5
P x x x x P x x        

       2 2

2 2

1 2 1
3 1 2

2 3 3
P x x x P x       

             3 2

3 1 2 0 1 0

2 3 2 1
5 2 5 2

5 5 3 3
f x x x x P x P x P x P x P x P x

 
          

 

       3 2 1 0

2 10 8 1

5 3 5 3
P x P x P x P x     

 

 

 
































































